A proof is given for the existence of two and only two modular invariant partition functions in affine S~O(3)k theories at heights n = k + 3 which are prime numbers. Arithmetic properties of the ring of algebraic integers Z(a~) which is related to SU(3) weights are extensively used.
Introduction
The classification of all modular invariant partition functions of a rational conformal field theory is obviously an important problem. In the case of affine theories, a complete answer is known, at present, only for ~-U(2) at all levels [1] and for S'-U(n) at level one [2] . For S'U(3) theories two modular invariants have been constructed at all levels [3] and, for exceptional cases, additional invariants are known as well [4] . However, as far as we know, there is no proof, at any level except k= 1, that these invariants actually exhaust all possibilities.
In this paper we take a little step towards setting up the complete classification of modular invariants for S--O(3),: we will prove that at prime heights n = k + 3 there are indeed two and only two modular invariant partition functions. The proof makes extensive use of arithmetic properties of the (quadratic) ring of algebraic integers 7Z,(co) which is naturally related to SU(3) weights.
In an affine ~U(3) theory, the Hilbert space splits into two chiral parts, each of which decomposes into a finite sum of subspaces corresponding to integrable * Chercheur IISN, Address after October 1 : Dublin Institute for Advanced Studies, Dublin, Ireland ** Chercheur IISN *** On leave of absence from Institut de Physique Th6orique, B-1348 Louvain-La-Neuve, Belgium
Ph. Ruelle, E. Thiran, and J. Weyers representations of the chiral algebra. The partition functions
is a sum over characters Zp(z) of these representations labelled by SU(3)-weights which lie in a fundamental domain B n. Physical constraints on the partition functions, Eq. (1.1), require that the coefficients Mp, ~,, be non-negative integers and that Moo be equal to one. Modular invariance of the partition functions, Eq. (1.1), requires the matrix M to commute with the matrices of the representation of the modular group to which the characters belong. Since the modular group is generated by the transformations T, (z~z + l), and S, (z~-~) , a necessary and sufficient condition for modular invariance is that the matrix M belongs to the commutant of S and T, i.e., commutes with the matrices representing the modular transformations S and T.
To determine all partition functions which satisfy the physical constraints and are modular invariant we follow the strategy outlined ref. I-1]: using the SU(3) Weyl group we first unfold the domain B, to a larger set, namely the weight lattice modulo n times the root lattice. We then construct for prime heights n an explicit basis of the commutant )~t of the unfolded (or extended) modular transformations and T.. Folding back these matrices ~t we obtain all modular invariant Z(z)'s for prime heights n. Imposing the physical constraints leaves us finally with two and only two partition functions.
The paper is organized as follows: in Sect. 2 we briefly review the arithmetic properties of the ring of algebraic integers 7Z,(~o) which plays an essential role in implementing the strategy we have just sketched. We also recall some symmetry properties of the affine ~'-U(3) characters and establish the connection between 7Z(o~) and SU(3) weights, roots and Weyl operations. In Sect. 3 we use 7Z(o~) to construct an explicit basis for the (extended) commutant of the modular representation on the extended set of characters. Folding back these matrices we determine the general form of the matrix M in Eq. (1.1) which guarantees modular invariance of the partition functions Z(z).
The Z(og) parametrization used here is useful for the construction of modular invariant M matrices but turns out to be less convenient for the implementation of the positivity constraints. This is discussed in Sect. 4, where we prove an arithmetic lemma which eventually allows us to impose the positivity condition. This is worked out in Sect. 5, where we show that, as a result of all physical constraints on the matrix M, there remains, at each prime height n > 5, two and only two modular invariant partition functions. At present, it is not completely clear to us how to extend our analysis for arbitrary heights.
7Z(to) and Characters of SU(3)
In this section we exploit the fact that the weight lattice of SU(3) can be identified with the ring of algebraic integers Z(m) to re-express basic properties of S--U(3) characters in a form particularly well suited for the construction of modular invariants [5] .
For the sake of completeness, we first recall some well-known arithmetic features of 7Z(co) [6] .
